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816. 


ON THE BITANGENTS OF A PLANE QUARTIC. 


[From Crelle’s Journal der Mathem., t. xctv. (1883), pp. 93—115; Camb. Phil. Soc. 
Proc., t. 1v. (1883), p. 321.] 


RIEMANN in the paper “Zur Theorie der Abelschen Functionen für den Fall p =3,” 
Werke, pp. 456—479, has given a remarkably elegant solution of the problem of the 
bitangents of a plane quartic. But his formule may be improved by a slight change; 
viz we may in his first equation «+y+z+&+%+€=0 introduce coefficients so as to 
bring this into the same form as the other three equations. It thus appears that, 
instead of his 3+3 equations of the forms 


Soc Mag £ ΝΡ. RARE U 
[53 r2. 15.9 0 eet BG τον ποτα 


respectively, we have 6--6 equations of like forms; but these two systems each of 
6 equations are equivalent to each other, so that instead of 6 4-16 4-3 +3=28, we have 
6+16+6(=6)=28 equations for the 28 bitangents*. I make another slight change 


of notation by introducing the single letters f, g, h to denote the reciprocals $ - 


lE. 
a > b E ο 2 
and I consider the whole question as follows. The theory is based on the equations 
ax+bytez+fEtgn+hel=0, 
Hethytaz+fi+gn+h E 0, 
daw + doy + ος + εξ + gam + h, E = 0, 
452 + boy + ez + f É + gum + h= 0, 


where af =bg = ch = afi = &c. =c,h;=1: and the coefficients a, b, ο, αι, bi, οι, ἄν, ὃν, ο 
are arbitrary. The equations z—0, y=0, 2 —0 represent any three given lines: and 


* It wil appear further on that the equation of each of the last-mentioned 6 bitangents can be 
expressed in 8 different forms. 
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considering ἕξ, η, € to be determined as linear functions of v, y, z by means of the 
first three equations, then (the coefficients a, b, ο, αι, Di, οι, ἄν, Do, c, being determined 
accordingly) the equations £—0, »=0, €=0 will also represent any three given lines. 
But observe that, if the equation of the first of these lines is #+my+nz=0, ἕξ is 
not =an arbitrary multiple 0 (æ+ my+ nz) of the linear function æ+ my + nz, but the 
constant factor @ has a completely determinate value: and the like as regards η and ἕ 


respectively. . 
The coefficients as, bs, ο, of the fourth equation are such that this fourth equation 
is a mere consequence of the other three: viz. we must have 
Qs λα + λιᾶι + 2405, 
b; — Ab + Mb, + Mbe, 
€, = AC + AWC, + Ave , 
fM -tTMS| tM, 
Js = M + Mf + Mge, 
h, 2 Xh + Mh + Ache, 
or, what is the same thing, we must have 
8,8 αλ M. [i 0, 
lac aay Fu m 
Qu De Casi Sas o: 
do PE oe fu in 


viz. each of the determinants formed with four columns out of this matrix is equal to O. 


= 


te 


Using the equations in A, M, A», and writing for shortness 


mft afis afta, afi taf-F,HM,F, 
bigs + bagı, bog fe bga, bg, + bg ez, Οι, Ον, 
Gh, oh, Gh teh, ch+oh =H, Hn Πε; 


then, forming the products a3f;, b,9,, c;h, we find 
1—X —A2— AZ = PX 1 διλολ + FAM, 
-— Ολιλ. G, NX T GAM , 


» 


» = HX t HOS + HN, 
or, as these equations may be written, 
1—X—-A?-M: X H Aor : AM 
4 JE. ο} πα ο oe Lo A h- 3S ub 
Gy Aa 8, 1, Got ο, ο 6 νο 0. 
| Ἡ που αι α, Β | ae ee 
. 10—2 
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say for shortness 


ells A 4M 
We have thus 
eub κ 
1-X»-X39-A2 TIA’ 
NULL, WE ru. 
1-X»-X—-A2 TIA,’ 
A AA, 


i | mM tit. κι 
and thence 


1 b AAA, vA AA) 
τν. ο às ( Κι di ) 
ΤΌ ΑΠ ὑπερ 


equations which give X, M, λα, and consequently as, bs, Cs, foss Js, ἦν in terms of known 


quantities, the several expressions depending on the single radical 


af j) C MH AES 
H VL doa xl. 


Observe that we have rationally 


A i11—-H 
n Mo T MC D SES 


t2 


I consider now the quartic curve 
ναξ Rg Vyn + Vzt 50, 


and I write down the equations of the 28 bitangents, each 
. characteristic as given by Riemann, and also with its duad 


with its triple-theta 
symbol, derived from 


Hesse's method. I assume that these characteristics and duad symbols are properly 
attached to the several lines: and I insert also the current nos. 1 to 28. The equations 


are: 
Current| Duad | Charac- 
No. | Symbol | teristic 

111 

1 18 111 x=0, 
001 

2 28 011 y=0, 
011 

3 38 001 20, Š 
010 

4 23 010 ἕ = 0, 
100 

5 13 110 Mm 0, 
110 

6 12 100 f 20, 
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Current, Duad | Charac- 
No. |Symbol | teristic 


em az--by-cz —0, fé+gn+hg=0, 


1 
ul JE +by+ez=0, az gm hp-0, 


100 
111 ax+gn+ez=0, fé+by+he=0, 


110 
101 ax+by+hf=0, fét+gn+cez=0, 


11 58 E dit 5, y 012-0, 
12 15 "€ Ahétbhyt+e2z=0, 
13 25 n ayt 4- gın 3-02 —0, 
14 35 a ax 4- b, y - ᾿ηξ--0, 
15 68 x at + boy 4- 042 — 0, 
16 M pe faë + bay ess 20, 
17 26 on Qa +J N+ C92 —0, 
18 36 al at + bay + hog =0, 
19 78 s azt + δαν -- 652 — 0, 
20 17 τ εξ + bgy +¢32=0, 
21 27 m azt 4- fa] - €32—: 0, 
22 37 x uzt + bsy + h3£— 0, 
τ zt 100 bc dis ji S T ab mer Du cas T kA RA 3 earn a 
y LM did. of: 1viug "MET De η AR. NEUE OHIG- EE: CER Y 
be — bye bb, (ca,—¢,4) ce, (ab-ab)? gala — Jshs 9293 (to fs — hafa) οι (1293 — F292) 
BÉ issus o Sog ΝΥ..." -.-.-ᾱ..4ᾱ- ----ῃ ο... δ 
aa, (be,— bc) bb, (ca, — οια) ab — a,b, ; fafs (gos — sho) 9293 (ho fs — hs fa) Jaffa — F393 
9» a n^ icu TUA LX m jo cr eee 
? i m Er bc = bacs + σα Ab: $ ος "mi 
EO i) Wigs t A 
Ee ao la * Ar TENE 
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As regards each of the bitangents 7 to 22, the equivalence of the two forms of equation 
is at once seen by means of the fundamental equations aw +by+cez+fE+gn+hf=0: as 
regards the remaining bitangents 23 to 28, the equation of each of these is expressible 
in eight different forms, which are written down in full for the bitangent 23; the 
equivalence of the eight forms of equation must of course be proved. 


I proceed to show that each of the 28 lines is, in fact, a bitangent to the quartic 
curve 


γαξ + yn e VE 0, 
or, what is the same thing, that writing this equation in the form 
Q = æE yw + 20? — Ryeng — 2σαξξ-- 2ayEy = 0, 
then that by means of any one of these equations Ὁ becomes a perfect square. 
This is obviously the case for each of the equations 1, 2, 3, 4, 5, 6. 


For the equations 7, 8, 9, 10, observe that the equation of the quartic may be 
written : 
Ψααῇξ + bygn + NV ezht — 0, 
or, what is the same thing, 
Q z ate. PE --...Ξ50. 


Hence writing a, y, z, E, η, ἕ in place of aw, by, cz, fE, gn, hE, so that now 
a+y+z+E+n+F=0, 


the equation of the line 7 is expressed in the two equivalent forms «+y+z2=0, 
ἕ--η-ςζ--0. We have for Q its original value 


Q = PE a? + OE? — yzg — 2zalE -- 2uy£n, 
= (26 -- e£ — yn)? — 4αγξη; 


and writing herein z=—x—y, ἕξ-- ἕ--η, we have 26—w&—yn=an+yé and conse- 
quently Q = (an + yE} — 4ayén, = (an -- yEy, a perfect square. The like proof applies to 
the equations 8, 9, 10: and then clearly the result applies to the equations 11, 12, 
18, 14; 15, 16, 17, 18; 19, 20, 21, 22. 


We come now to the equation of the line 23, say this is in the first instance 
taken to be 

νε, μέ; Oe ORS: ΠΡ “ΝΜ © 

ios be MIRA oh qi 


0; 
if from this equation, by means of the two fundamental equations 


az+by+ez+fitgn+hf=0, 
αιῶ 4- b,y 4- ez  ÁiÉ - gpn + h E — 0, 
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we eliminate first (y, ο), secondly (z, z), and thirdly (æ, y) it is found that ἕ, η, ἕ 
will also disappear in the three cases respectively, and that the resulting equations are 


EE πμ See ae πως 
be — bc, bb, (οαι --οια) cc (abi — ab) " 


Sarre” ERI JU. φαν 

aa,(be,—be)* ca—ea, ή co,(ab,—a,b) ^" 

ipio η MANU δὲ Ὁ 

aa, (bc, — b,c) bb, (ca, — c,a) ab — a,b, 

so that each of these is, in fact, equivalent to the original equation in (æ, y, ὁ): and 
observe that, adding together the three equations, we reproduce the original equation in 


(0, y, 2). 
Write for shortness 


=0, 


P=be—b,c,, a=be, —b,c, 
Q=ca- αι, B-ca—oaa, 
R=ab—ab, Υ 5 αὖι-- αι, 
then the equation in (a, y, z) is 
r QRa + RPy + PQz — 0, 


so that, eliminating y and z, we find 


b. c, awt+fEtgntht \=0. 
b, δι, ae +h + gm + hg | 
RP, PQ, QRa 


In this equation, the coefficient of ὦ is 
(be, — b,c) QR + (ca, — ca) RP + (ab, — a,b) PQ, 
.= (be, — b,c) {abe + ajb,c, — aa, (be, + b,c)} 

+ (ca, — οια) (a 0ο + a, bye, — bb, (ca, + οια)) 

+ (ab, — a,b) {a b c? + a,b, c? — cc, (ab, + a,b)}, 
= — aa, (ba? — bic?) — bb, (Ca? — ea?) — ce, (atb? — ab”), 
= — (be, — b,c) (ca, — c,a) (ab, — a,b), 
= — af. 

The coefficient of & is 
= RP(fi- ef) - PQUf f) 


. ὶ Miata dh. sh X XU Ae ee 
which (observing that cf,— cf, EL 37. and bfi— b,f, a 751% πας E) 
is 30. 


The coefficient of η is 
RP (cg, — Gg) - PQ (bg: — big); 
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which is 


= RP} (be—be,) — PQ 5 (b — b), 
- Ë {(bo—b,0,) (ab — a,b) = (9 — bi) (ca — ea), 


5 {bi ca + 9c, a, — bb, (ac, + αιο)) 


Wr ime 
bb, γα, 
and similarly the coefficient of ἕ is 
= Dag 
We have thus in z, η, € the equation 


--αθγο- i yan + = at — 0, 


or, what is the same thing, 
ων... 
D Cb ου 

and in like manner, by the elimination of (z, æ) and (x, y) respectively, 


ο ο 4 8 πο 


ααια CC, y 
£ = 
aa,a bb, i n9, 


which are the required three equations. 


We have next to show that the line is a bitangent—write for a moment ama, 
bb, B, cary =X, u, v, then the three equations give 


“ἜΣ, Cb eC 
απο 

Eu i η] 
CS 


and we thence have 


+R ΠΗ] 
μας τν) φῦ 


-aro (Be (Cs 
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which, putting further PX, Qu, Rv=a, b, ο, becomes 
o= 7 Es 0ο 

Loe ý 
pA 
LEY 
t xa 2 
2ξ"ηζ 
A? uv 
2En C 
λμ᾽ν 


q 2808 
MY. 


(ο +a)? 


= (a+b) 


{-- ἃ (a +b 4- ϱ) 4- be] 


+ 


{—b(a+b+c) + ca} 


{—c (a+ b + c) +ab}. 

But here 

a = ad, (be, — b,c) (be — bici) = aa, (D + b?) ce, — (αἳ + οὔ) bd, 1, 
b = bb, (ca, — οια) (ca — οιαι) = bb, (2 + οὗ) aa, — (a? + αὐ) cci }, 
ο = cc, (ab, — a,b) (ab — αιδι) = ce, ((a? + αὖ) bb, — (03 + b?) aay}. 


Hence 
a+b+c=0, 


o= (208 PR LORI, 


aa,aP bb, BQ cay 
- ln; ce, By ng CC, am γα t aa, bb, αβ 2 


and we obtain 


1 
ο πο Md S GILT MR rre REA 


a perfect square, and the line 23 is thus a bitangent. 
We have next to prove the equivalence of the two equations 


c y * 2 
be — b,c, σα — οιᾶι ab -- a,b, 


=; 


and 


b ams us hf, — Ns fs T fas — f. Rat 
Starting from the former equation written in the form 
— QRa — RPy — PQz = 0, 
and combining herewith the three fundamental equations 
axzt+by+c2z+fEtgnt+hf=0, 
d, -- by t 62 T fÁEMg m at= O, 


gh + boy + @2+foE + gon + heft = 0, 
ο XI, 11 
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if we eliminate from these the (v, y, 2), we obtain the following equation in (£, η, £) 
a, b, ο, fEtgnthe 50, 
αι, bis a, hé +gn+hý 
(ls , b, €, fÆ + gun thet 
| -QR, — RP, -PR 
which, observing that the values of — QR, — RP, — PQ are 
— abc — a,2b,¢, + aa, (be, +b,c), — abe — abo + bb, (ca, +¢,a), — abe? — a,b e? -- ce, (ab, 4- αι), 


is immediately transformed into 


a, b, 6, SEt+tgnthé = 0 
a, b, Ci, : ;ιξ- gn ht 
lz, bə, σου RE + Jon TAE 


abe (fE+gnth&) 


aa (be, + b,c), bb, (ca, + οια), co, (ab, + a, b), { 
| + mba (fE 1- gm 4- Ih E) 


Here the coefficient of £ is 


a, b, ο, f 
αι, b, Ci, f 
6», De, Co; Ts 


aa (be, + bic), bb, (ca, + cia), σοι (ab +b), abcf+ab eof; 
which is of the form (f+ Lfi+ lf; and we find without difficulty 


l= aa (be -- ναι) (be, — b,c), = aa,Pa 
+b b, (ca — a m) (ca, — οια) +b 508 
t c €; (ab — a,b) (ab, — a,b) +cc,Ry; 

[, = — aa, (be — bic) (be, — b,c), =—a,a,Pa 
— bib, (ca — οιαι) (ca, — οια) — b,b.Q8 
— 6,6, (ab — a,b,) (ab, — a,b) — c0, Ry ; 


l, = — (be, — b,c) (ca, — cia) (ab, — a,b) = — af. 
Hence 


lf 4- LA + lafa = (af — αι fs) a, Pa + (bf — b, f.) b,Q8 (ef = ο, f.) " Ry η αβη]», 
which, observing that 
el -" ty 
af a; f, — 0, otf. -afi E, 


becomes 
E By By 
Ley adc s CoA aa, ee af, 
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or, in the last term writing f,— x this is 


B 
= a {— a4 b,Q + ac, R — am a}, 
i a {—Ayb, (ca may αι) + ACz (ab— αι ὃι) — Qa, (be, E 5,c)], 


By τά uw Li πα b o, FH 

qb, ao, 1 δι, Crs A^ 

(4,5, 0,6, 1 b ο Ss 

viz. representing for shortness the last-mentioned determinant by (bof), the coefficient 
of ë is = Py (bef). Similarly the coefficients of η, € are equal ya(cag), and aß (abh), 
respectively. Hence, for convenience dividing by αβη, the original equation 


a E nd á 7 = 
be—b,c, ca—ca, ab—ab ^" 


expressed in terms of (ἕξ, η, £), becomes 


z (af) E +5 (cag) n+ 7 (abl) § = 0; 


and it is to be shown that this is, in fact, equivalent to 


ΕΗ 
Jahz— gshs παπι hs fs RTA LAS 
We ought therefore to have 


PA 1 1 
(σεν — φον) k (bof) = (hafa — hs fs) B (cag) — Cf.g« — 39s) y (abh), 
and it will be sufficient to prove the first of these equalities, say 


(gh. — gals) B (bof) = (hafa — ha fa) a (eng). 
Multiplying by ¢,¢;, this becomes 
ο [99β (bof)— fa (cag)] 


— 02938 (bof) + c, fsa (cag) = 0, 
viz. this is 


(AC + λιόι + λαο) [918 (bef) — fra (cag)] 
-- (Ag + Agi + A292) e] (bef) 


+ (Af + afi + Mafa) Com (cag) = 0. 
11—2 
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The term in X, disappears, and the equation is 


` [(¢ g — ag) B (bef) — (e f. — ef ) a (cag)] 
+ X [(egs — C291) 8 (bof) — (a fs — οι) a (cag)] = 0. 


1 1 I 
But we have X : m= - Δ; that is, AX — Λιλι--0, or if we write for A and A, 


their values (17110), (=—(1F,F,)), and (1F,F) respectively, then the equation connecting 
A, A, 18 
X (LE,F.) + (LF,F) — 0, 


where (11111) and (111) denote the determinants 
| 4 af, - a, f, af. + a, f , 1, af, t+ af, αι f, + dy f, 
1, bg, + bg , bg, d bg i bg, im big > bi go + bog, 
1, ch, + eh , ch, + coh LH chy κ. eh ? € hi of Cah, 

Multiplying by ccc,, the equation may be written 


| af, afhtaf afritafl|+mul af, htaf afta f n 0. 
bg, bg bg, bg, bg bg, bh +big, bg bg, | 
COC, Cla), οι (ο -- οὔ) 05€, 9 (0 e), οἱ (οἳ -- οὔ) 


This should agree with the equation in (A, λι) obtained above: and it can, in fact, be 
shown that the coefficients 


(c gs — οι) B (bof) — (e fa — esf) a (cag), 
and 


(ασ. — 291) B (bef) — (afa — ef) a (cag), 


are equal to the two determinants respectively; it will be sufficient to prove one of 
the two relations, say 


— (cga — 6) (ca — ca) (bof) + (cf. — cs f ) (be, — bc) (cag) 
+ af, ατα af, taf |-0; 
bg, bg, “++ bg, bg, η» bg 


οσο, οι(οἳ -- ο), οι (οἳ + ο) 


where it will be recollected that (bcf) and (cag) stand for the determinants 


Dye Perfo ss ασ Oo ote 
b Cy, fa Ci, Q5; hi 
aw fo Co, Ge, Qo 


respectively : each term is thus of the seventh order in all the letters conjointly, but 
is quadric in f, fi, fo, 6, gi, σι. Instead of a, B, y used hitherto to denote bc, --ὖιο, 
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cd,— 0,0, ab,— a,b, it will be convenient to call these a, B, y,, and to consider the 
complete system of coefficients 
α, αι, Q= bC — be, be — bes, be, — bie; B, Bi, βεξοιαι --οιαι, Ca — Cy, CH, — 640; 
Y, γι; 'ya = 440, — a4b,, αὐ — ab,, ab, — a,b ; 
and to denote by V the determinant formed with a, B, y; αι, βι, γι; αν Bo, Ya If we 
then expand in terms of the products (f, fi, Ὁ) (9» σι, 09), we find first 
— (C92 — Cog) (ca, — οια) (bof ) + (cf. — caf ) (be, — bic) (cag) 
= — (cga — οφ) Bs (af + αι f, + 0s ἢ) + (cf. — Of) aa (Bg + Big + Bego) 
=-—a8+ αβο (=V) fg 
— a, 8,6, fi 
+ % Buc. fig 
—[,( ac a0, — — 0,0) fg, 
-a (—-Bec—BiS— Bia) fg 
— e B.cCfi gs 


+ 0,8:6f. d: ; 
and next 


af, α--αι faf 
bg, bgı+bg, bg, + bog 
CHC, Ον (ο) e), οι (+ ce?) 
= ce, Cyy + Ca (C +0?) γι t e (οἳ + e?) y, (Ξ οι ν t οἳ (cy + c) Ji 
+ οι (Bicsb + cab) fg, 
+c (aca — eab) fig 
+ cx (βεοιῦ -- ab) fy, 
^g c, (aaa + Cab) fag 
+ e, 6 abcf, gs 
— c, 6, abof,gi. 


Uniting the two parts, we ought to have 


0 = c (am + ey) fg 
+ [ιο (οιῦ — αι) + e, cab] fg, 
+ [no (aa - B.) — c, tab] fig 
+ [a (6b + αι) — c, cab] fy, 
+ [eas (ea --βι) + c ab] fag 
+ c(aG ab — ab) fig, 
--ο(οιοιαῦ — a) Πρι. 
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Substituting for αι, βι, γι, ἄν, Bo, γι, then after a slight reduction it is found that the 
whole equation divides by ο, and omitting this factor, we have 


0 = ο[(ωαι — οιαι) b — (cb, — οιδι) a] fg 
+[ coabtbe,(ca—cas) fy 
--[-- οοιαὖ + ac (bc —be.) JAg 
+[- cab + cba (ca, — 6a) for 
+[ coab+ ca (ba — bo) JAg 
-[-- Ca,b.4+ ca bac ὐσοαιο JAg 
+[ Cab — beac — cabio JAg 
Writing here af =bg =... =1, the equation becomes 
0 =€ (C24 — a h) f — c (Cob. — cb.) g 
+ cc bg, + c (ca — ca, ) f 
— cafi + e (bo — be, ) g 
— co)bg, + ¢, (ca, — ea) f 
+ ceafa + c (be, -- ὂιο) 4 
— €? + acc, f, + ὔοοιφι 
+ 0? — bee, g, — Caco fr, 


where all the terms in fi, σι destroy each other; the equation thus becomes 


O= ( COo — Cl + cja— CCl + cc,a, — Ca) f 


+ (— Clad, + οοιδι + 6b. — cb + οὔδ-- οοιθι) g 
that is, 
0 = (c? — e?) af + (— c? + ο) bg.. 


Or again writing af=bg=1, we have the identity 0=0. This completes the proof of 
the equivalence of the two equations 


UA Ζ 


si PM S LHP a0 οί... η 0g nr 
quu vri ep metn sen í nia- għas Ah fga -hg : 


We have obviously three new forms derived from the eqtiation in (ἕξ, η, €) in like 
manner as we had previously three new forms derived from the equation in (#, y, 2); 
the equivalence of the 8 forms to each other is thus shown, and the proof is now 
complete for each of the 28 bitangents. 


Cambridge, 15 Dec. 1882. 
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In what follows, instead of the four equations of the form 
qa 4- by 1- cz 4- f£ - 9 -- h£ — 0, 


I take the first equation in Riemann’s form with the coefficients unity. The equations 
thus are | 
G+ yt + E+ nt [-0, 


axz+by+ez2+fEtgnt+hl=0, 
aje+tbhy+azt+f—it+gqnt+heo=0, 


ανα + ὃν) + 2+ frE + gon + hg = 0, 
and if we assume 
A, = X + Ma + X4 , ἅς. 


then we have 
]1—X —AX? — A2 2 XX, (af, + hf) + XX (αι T) XX (à 4 f), 
» — M (bg, + b, g) + Aor (b, t9) TAX (b T 9), 
F = XN (ch, + e, h) + X4X (οι +h) + AA, (ο + h), 


and consequently 
AA i AA c: APIS δ. 


or say 
Ait Aye eR: RP PQ: 
where 
P. Q, R=| ; δ a, t f, at+f , | 1, a f, af, Taf 2 E, af, ^- a, f, αι t f, l. 
1, b4g, b4g 1, b+g, bg +b 1, bn thg, b+ | 
l, qth, ct+h 1, c+h, ch+eh 1, ch eh, oth, | 


Suppose that one of these determinants, to fix the ideas, say Q, is =0; we have 
X: :2420: RP: 0; that is, X and A, each =0; and consequently 4, — 1: that is, 
we have dy, b, c, fo, σι, =a, b, ο, f, g, h, the fourth equation identical with the 
second, or say the second equation, 


aa + by + cz Ἴ- f£ -- gn + h£ — 0, 
is a double equation: as just seen, the condition for this is 


Q-|l arf, afcaf|-0, 
l, beg, ὦσι thg | 
1, c+h, ch, eh | 
say this is 
L(af,taf)+M (bg, + bg) 4- N (ch, + oh) = 0, 
if for shortness 
L, M, N=b+g-c-h, cch—a—f, a+f—-b-g. 


www.rcin.org.pl 


88 ON THE BITANGENTS OF A PLANE QUARTIC, [816 


A special solution is if a, b, c, — a’, b, οἳ for then 
αι, b, €; p σι, h, =a’, b, e, Fs η", h*; 
consequently afitaf, Όσι-- bg, ch, eh-a-f, bg, c+h: and the condition in 
question Q=0 is thus satisfied. j 
It is to be shown that, in the general case of the equation Q=0, the curve is 
a nodal quartic having the node at the point 
@a:y:e:£:9: f=fL.: gM: AN : ab : bM :cN, 


and that in the special case œ, b, c,— a?*, b, ο the node is a fleflecnode, viz. a node 
which is a point of inflexion on each of its two branches In the former case, the six 


tangents from the node are 
ax+by+cz=0 or fE+9n+hf=0, 
JE +by+cz=0 , avt+gnt+hf=0, 
ax+gnt+ez=0 „ f&E+by+hf=0, 
ax+by+h€=0 „ f&E+gn+cez=0, 


3 η ξ 
T gh — gih T hf— hf; τη —-R 0, 


a y 2 0 


ος UR J ξ η ELS 
bobo, aoe, τηλ ο S RASA ΠΗ 


In the latter case, the same equations represent the four tangents from the node and 
the two tangents at the node respectively. 
For the proof, we assume that the four lines 


aa + by }- cz — 0, 


SE + by cz — 0, 
ax + gn 4 cz — 0, 
ax + by + h£ = 0, 


have a common intersection: this gives ac = f£, by — gn, cz — hý; or say 
a, Y, 2, ἕξ, η, C=fL, gM, hN, aL, bM, oN, 


where for the moment L, M, N are indeterminate quantities: but substituting these 
values in the first, second and third equations, we find 


(at+f)L+ (b+g) M+ (¢+h)N=0, 
L+ M+ N=0, 
(af, + a, f) L + (bg, + bg) M + (ch, + ch) N =0, 


giving for L, M, N the values b--g—c—h, c+h-—a—f, a+f—b—g already attributed 
to these letters. 
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And we see further that the point in question 
a, y, 2, ἕξ, η, 6 =fL, gM, hN, aL, bM, cN, 
is a point on each of the lines 


a - 2 


1 -- ὐο T 1—ca M 1—2ab 


= 0, 
νι των. ων da 
be—b,c, ca—ca, αὖ --αιζι 

In fact, for the first of these lines, we have only to verify the equation 

fL (1 — ca) (1 — ab) + gM (1 — ab) (1 — bc) -- JN (1 — bc) (1 — ca) = 0, 
that is, 

L(f-—b-—c+abe)+ M(g —c—a+abe)+ .N (h — a — b -- abc) — 0, 
viz. this is 
L (a 4- f) 4- M (b --g) - N (c 4-h) - (—a—b —c-r abe) (L - M - N)—0, 
which is right. And similarly, for the second line, we have to verify that 
fL (ca — οιαι) (ab = αι δι) + gM (ab — αιδι) (bc — Όιοι) + AN (be — bici) (ca — c0) = 0, 
that is, 
L (abe — bora — ca, b, + fa,b,c,) + &c. = 0, 

or, multiplying by figi/, this is 

L (abof gh, — bg, — ch, + a, f ) + M (abofigih, —ch, —af, Γδιο) + N (abc fig, h, — af, — bg, + eh) =0, 

viz. this is 

(abcf, qh, — af, — bg, — ch) (L+M+N)+(afi+ af) L + (bg, + 5.9) M + (ch, -- οι) N — 0. 
We have thus six of the double tangents meeting at the point 
a, V, 2, £, η, 6, — fL, gM, ΙΝ, aL, bM, oN, 
which implies that this point is a node on the curve: and we at once see that the 


values satisfy the equation Μαξ +Vyn+V26=0 of the curve; viz the equation for 


the values in question becomes VZ?+VM?+VN?=0, and the rationalised equation is 
satisfied as containing the factor L+ M+WN which is — 0. 


But to show ἃ posteriori with greater distinctness that the point is, in fact, a 
node, observe that, the rationalised equation being 


| Q — 2E + ο η" + 20? — 2φ2ηξ — 22ωζξ — Zeyn, 
the differential dQ is 


= (zd£ + Eda) (οξ — yn — 28) + (ydn + ndy) (— οξ + yn — 26) + (2άξ + Sdz) (— οξ — ym + 26), 
C. XII. 12 
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which for the values in question becomes 
= L ( fd&+adz) (I? — M* — N*)4- M (gdn+bdy)(—I?+ M: —N*) + N (hd£ + cdz) (- D — M3 N*); 
and this, in virtue of L+ M + N =0, and therefore Ze — M*— N* -2MN, &c., is 
= 2LMN (a dz + bdy + cdz + f d£ + gdn + hd£), 
which is — 0 in virtue of the second equation. 


Consider now in the special case a, bi, c, — αἲ, b*, c, the line 


T y eee T 
πο tia tig 5 


combining this with the first and second equations 


æ+ y+ 2+ E+ n+ ξ-0, 
ax + by + cz + fE gn + hE =0, 


we. deduce 
s -F(5 οι), 
ν--ο(ξ-ἕ) 
s=-H(È - 1). 


if for shortness F, G, H, a, B, y—bc—1, cu —1, ab—1, ὑ--ο, c—a, a—b. Observe 
that we have L=b+g—c—h=(b-c)(1— i), that is, bel. =aF’; and similarly cal = 86. 
and abN=yH. And if for a moment we write further 


E, η, 6, I, J, K,=aaX, bBY, cyZ, aaF, b8G, cyH, 


values which give 
I+J+K = (abc — a) (b — ο) + (abe — b) (c — a) + (abc — c) (a — b), =0, 
then the equation Væg -- νγη 1- Vzt — 0 of the curve becomes 
VIX (Y— Z) - WNJY(Z — X) -VKZ(X — Y)-0, 
which in the rationalised form is 
PX (Y -ZY+ IY (Z— Xy 4 K(X — Yy 
—9JKYZ(Z- X)(X - Y)-9KIZX (X - Y(Y - Z) - 39IJXY(Y - Z (Z— X)- 0, 


viz. this is 


YZ: (J? + 2K + K?) +... + 2YZ (JK - I- IJ - IK) - ...— 0, 
which, in virtue of Z + J+ K — 0, becomes 
(IYZ -JZX + KXYy —0, 
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that is, the quartic is met by the line in question at the intersections (each taken 
twice) of the line with the conic 


IYZ -JZX + KXY 20, 


Fata . nf + GDR. CE -- Hey. En = 0. 
But the equation of the line in terms of £, η, £ is 


that is, 


Le Al. ad ΦΚῸ 
gh—gik, M-hA' f-RA 


E η ‘Sed a 
gh — gio * if = gi jy p 7 


that is, 


or, what is the same thing, 


Bee cay vbt. 


and this is clearly a tangent to the conic; viz. the rationalised form of 


ο iA a sat ψ mas οὐ 
J Fase δ 5 GR. + Hey. -pr = 0, 
that is, να --νβ'-- νγ-θ is satisfied in virtue of a+8+y=0. Hence the four 
intersections coincide together, or the line has with the curve a quadruple intersection 


at the node, that is, it is a tangent at the node to a branch having an inflexion. 
And similarly the other line 


ds. e μα df a Lo φ ο. Jure qan 

bc — be t ca — ea? t ab — ail i ea U A RS Ip 

is a tangent at the node to the other branch having also an inflexion; thus the node 
is a fleflecnode, and the lines are the tangents to the two branches. 


= 0, that is 


I continue the investigation of the special case a, b, οι, «^, b, c* The three 
equations give 
—(h-f)(f-g) EF +(a-—g)(a-—h)a+(b-—g)(b—-h)y+(e—g) (c—h)z=0, 
-(f-g)(g —h)n+@-h)(a-f)a+(b—h)(6-f)y+(e—h) (e-f)2=9, 
—(g —h)(h—-f)F+G@—-f)(a—g)a+(b—-f)(b-g)y+(e-f)(¢-g9)2=9; 
writing 
A, B, 6, F, G, H; a, B, y,=a@—-1, ὐ:--1, ¢— 1; be—1, ca—1, ab— 1; b-c, c—a, a— b, 


and also 
1 
u= way n Dy +n. 
then we find 
é =œ (aFu — 2), 
n =b (B8Gu- y), 
ἕξ 5 οἳ (y Hu rA 2), 


12—2 
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say for shortness these values are 


E, η, £— pu —a?z, qu—by, ru— ez, 
where 


p q, r=@ak, 8G, cyH. 


We have moreover f*By.&=—By(aFu—«), = F(Ac-- By-- Cz) — βγω; or observing 
that GH — AP — — By, &c., we have 


f?By£ = GHa + BFy + CFz, 
Pyan = AGa + HFy + Οσο, 
Ι;αβξ = AHz-- BHy + FGz. 


It is to be shown that the tangents from the fleflecnode 
ax + by + cz — 0, 


JE + by +cz =0, 
ax + gn + cz =0, 
ag + by + h£ — 0, 


touch the quartic at its intersections with the line w-— 0. 


To prove this, for the first line we have aw+by+cz=0, fE+gn+h€=0, and 
consequently αξ -- yn — z= bhyt-- cgzņ. But the equation of the curve is 
Q = (xë — yn — 26)? — 4yent =0; 
and this becomes thus 
Q = (bhu£ + οφση)’ — 4beghyznt = (bhy£ — cgzmy =0; 


and we thus find that, for the four lines respectively, the equations for the points of 


contact are 
ax+by+cz=0, bhyf — cgzņ — 0, 


JE + by t c2 — 0, z 
ax+gn+cz=0, għný — beyz — 0, 
aa + by + h= 0, ‘5 


But for the first line we have 
bhy — egzn = bhyc? (y Hu — 2) — cgzb? (B Gu — y), 

= bey(y Hu—2)— bez(8 Gu — y), 

= bcu (y Hy — B Gz), 
so that the intersections with the conic are given by the equations y Hy -— 86Gz-— O0, 
and w-0 respectively: the first of these corresponds to the fleflecnode (in fact, we have 
yH .gM — 8G ..N —0, viz. multiplying by abc, this is 

yH .ca.M — 8G .abN — 0, 


which is right) hence the second corresponds to the point of contact, that is, the point 
of contact lies on the lime w=0. And similarly, for each of the other three tangents, 
the point of contact lies on the same line w=0. 
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It is clear that writing 7,20, 190, 7,20, T,=0 for the four tangents from 
the flefleenode and 7,=0, 7,—0 for the tangents at this point, the equation of the 
curve must be expressible in the form 


Au? T, T, + i T, T, T, T, = 0. 


The reduction to this form is, I think, effected by means of the formule which 
give & η, € in terms of æ, y, z, more readily than by means of simpler formule for 
E, η, € in terms of a, y, z and u. We have 


Ώ — 2E aw + 20? — 2yzot — 2226£ — 2wy£n — 0, 
and hence 


Q' = Φαξ ghaaæ (GHa+ BFy + CFzy 
+h fiery (AGs + HFy + CGzy 
TfÉg*? (4 Πω -- BHy + FG? 
— 2f'g!l?Byyz (AGx + HFy + COGz) (AHo-- BHy + FGz) 
— 9g!l?f yaza (A Πα + BHy + FGz)(GHe + BFy + CF2) 
-- 2h:f*g'agBzxy(G Ho + BFy +CFz)(AGe + HFy + CGz)=0. 


The result after some reductions, and putting for shortness 


h?BCG — gyBH =A, 
fyAH —haCF -- Ἑ, 
gaBF —f*8AG — G, 
Y= GAP Ho + MABF + f'g EPA 
+ 2hfPHFB.90?2 + 29fFGy . Aye 
+ 2f*g*FGy . Bex + 2/9g*G.Ha . θεα 
+ 2g!h*G Ha . (Κων + 9£*IHFB . Cry’ 
Tz (2? -—298yF*G H ) 
+ g'za? (9? — 2h? f£*yaF ŒH ) 
+ hw (6? — 2f*g'agBF G H”) 
+ 2g!h*a?yz [— BE — FGH (2f*ByA? + gyaBH + h?aB8CG@)} 
+ 2I? f?xyz {— CA — PHF ( £*B8yAH + 2g*yaB* + WaBCF)} 
+ 2fg'zyz (— AY — LFG ( f*8yAG. + g*yaBF + 2h?aBC* )} = 0. 


is 


We have 1 
asm MO (Az + By + Cz), 
nm o4. 4 y d 
T,= 1—be + 1 o T L= ab? 
PAREA T Ὁ NN ME. καν 
Te be — be * σα-- ca? ab- abe’ 
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or, as these equations may be written, 
aByu= Αα} By+ Cz, 
—FGHT,= GH«e+ HFy+ FGs, 
— abcFGHT, = aGHa + bHFy + cFGz ; 


whence 
abcF*G* H* . aBy uT, Τι (Aa + By + Cz) (GHa + HFy + FGz) (ας Πα +bH Fy  cFGz), 
where the coefficient of a is =aA?G?H?. 


Again T, =aæ+by+ cz. For T, we have 


boßyT, = abefBy (JE + by + c2) 
= abc (GHa + BFy + CFz) + beBy (by + cz), 


where the coefficient of æ is abeGH. The coefficient of y is 
abc (b? — 1) (bc — 1) + be (c — a) (a — b), = be (abc —b’c — a?b + a), 
= bc (ab — 1) (bc — a), 
= bcH (be — a), 
and similarly the coefficient of z is -— beG (bc? —a) We have thus the expression 
for T,; and forming in like manner the expressions for T, and 7',, we may write 
T= aa + by+ 05, 
bobyl, = abcG He + bcH (bc — a) y + δος (bc? — a) z, 
caryaT, = ca.H (ca? — b) a+ abcH Fy + caP (ca — b)z, 
abaj8 T, = abG (a?b — c) « + abF (ab? — ο) y + abcF'Gz, 
whence in abea py T, T,T,T, the coefficient of α! is 
= be. G?H? . (ca? — b) (ab — c) = abe . ŒH? (be A? — a?a’). 
We hence obtain the required identity: viz. this is 
a*b*c*O! = be . abe FGH aby .wT,T, 
—1. abed. T, T. Τι T, ; 
for here comparing the terms in æ‘, the factor G?H? divides out, and omitting it, we 


have 
ab eE = a?b*c . aA? — abe. (bc A? — aa), 


which is right. If for ©’ we substitute its value, —f'g*h*e^8"y*O, then the identity 
divides by a*b*c’a8y, and omitting this factor, we obtain the equation of the curve in 


the form 
αβγΏ = a PeFGH .wT,T, -agy. T, T.T,T, 20; 


the required form, putting in evidence the two tangents at the fleflecnode, and the 
four tangents from this point. 


Cambridge, 3rd January, 1883. 
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